We classify the pairs (C, G) where C is a seminormal curve over an arbitrary field k and G is a smooth connected algebraic group acting faithfully on C with a dense orbit, and we determine the equivariant Picard group of C. We also give a partial classification when C is no longer assumed to be seminormal.
Introduction
A variety which is homogeneous under the action of an algebraic group is a very symmetric object. The study of equivariant compactifications of homogeneous varieties leads to the notion of almost homogeneous varieties. These are the varieties with a dense orbit. For example, toric varieties are the normal almost homogeneous varieties under the action of a torus.
In case of curves, the situation is rather nice for several reasons. First, a curve is almost homogeneous under the action of a smooth connected algebraic group if and only if the action is non-trivial. Moreover the complement of the dense orbit consists only of finitely many fixed points.
Second, we have natural compactifications. More precisely, if C is a regular curve over a field k then there exists a regular projective curve C and an open immersion C ֒ → C. Such a curve satisfies a universal property: for any proper scheme Y over k, every morphism C → Y extends uniquely to a morphism C → Y . In particular C is unique up to unique isomorphism. We call it the regular completion of C and the points of C \ C are called the points at infinity.
Finally, if C is a projective curve then the functor which associates with a k-scheme S the abstract group Aut S (C × S) of S-automorphisms of C × S is representable by an algebraic group denoted by Aut C (see [4, Ex. 7 
.1.2]).
The study of automorphisms of curves has a long story. A first step was a theorem of Adolf Hurwitz stating that a compact Riemann surface of genus at least 2 has finitely many automorphisms. This result was generalized several times, and in particular Maxwell Rosenlicht gave in [17, Th. p.4] a version for smooth projective curves over an arbitrary field, in the language of algebraic function fields in one variable. He also classified in [17, Th. p .10] the algebraic function fields which he called "exceptional", that is, those of genus at least 1 having infinitely many automorphisms (fixing a given place if the genus equals 1). The link with regular curves is standard: there is an anti-equivalence between the category of regular curves over k and the category of algebraic function fields in one variable over k, which associates with a curve C its function field k(C), and the closed points of C correspond to the places of k(C). Some years after, Peter Russell gave in [19, Th. 4.2] an interpretation of Rosenlicht's classification in geometric terms, which we state for simplicity in case k is separably closed: a regular projective curve C of genus at least 1 has infinitely many automorphisms (fixing a given closed point if the genus equals 1) if and only if C is the regular completion of a torsor under a non-trivial form of the additive group G a,k .
From the geometric point of view, a natural approach to classify almost homogeneous curves is to understand the regular completions of homogeneous curves, and the behavior of the points at infinity. Vladimir Popov thus obtained in [16, Ch. 7] a full classification of almost homogeneous curves over an algebraically closed field of characteristic zero, and determined their abstract automorphism group. Our objective is to extend this result by classifying the pairs (C, G) where C is a curve over an arbitrary field and G is a smooth connected algebraic group acting faithfully on C with a dense orbit.
The complexity of the classification depends on the class of singularity of the curves. After regular curves, the next class to look at is the class of seminormal curves. Roughly speaking, these are the curves whose branches intersect as transversally as possible. They can be easily described in the language of pinchings developed by Daniel Ferrand in [10] (see Section 3.1 and Lemma 3.17). We obtain the following theorem.
Theorem 1.1. Let C be a seminormal curve, G is a smooth connected algebraic group and α : G × C → C an action. The action is faithful and C is almost homogeneous if and only if one of the following cases holds: 1. (homogeneous curves) (a) C is a smooth projective conic and G ≃ Aut
C ; (b) C ≃ A 1 k and G ≃ G a,k ⋊ G m,
k (acting by affine transformations); (c) G is a form of G a,k and C is a G-torsor; (d) G is a form of G m,k and C is a G-torsor;
(e) C is a smooth projective curve of genus 1 and G ≃ Aut 
(seminormal, singular, non-homogeneous curves) (a) G is a non-trivial form of G a,k and C is obtained by pinching the point at infinity
P of the regular completion of a G-torsor on a point P whose residue field κ(P ) is a strict subextension of κ( P )/k;
(b) C is obtained by pinching two k-rational points of P (c) C is obtained by pinching a separable point P of degree 2 of a smooth projective conic C on a k-rational point, and G is the centralizer of P in Aut C .
Let us notice that, since in the case 3a the curves are parameterized by subextensions of κ( P )/k, these curves can form an uncoutable family (see Remark 3.22 ).
When C is not necessarily seminormal, the situation is more complex and requires to study representations of algebraic groups. We give a classification in Sections 4.1 and 4.2, except for almost homogeneous curves under the action of G a,k ⋊ G m,k or a form of G a,k when the field k has positive characteristic, because in this case the representations of the forms of G a,k (and even G a,k itself) are not so well-understood. The full classification remains an open problem.
Another open problem is to determine the automorphism group scheme of almost homogeneous projective curves, especially for the curves obtained by pinching the regular completion of a torsor under a non-trivial form of G a,k .
For projective almost homogeneous curves under the action of an algebraic group G, one may want to try to embed them in the projectivization of a G-module. The standard tool is the notion of G-linearized line bundles. We describe in Proposition 5.13 the G-linearized line bundles over a variety obtained by a pinching. We use this description to determine in Theorem 5.16 the equivariant Picard groups of the curves appearing in Theorem 1.1.
Notations and conventions.
We fix a base field k and an algebraic closure k, and denote by k s the separable closure of k in k. For all k-schemes X and S, the base change X × k S shall be denoted by X S ; in case S = Spec K for some field extension K/k, we simply write X K .
All morphisms between k-schemes are morphisms over k. A variety over k is a separated scheme of finite type over Spec k which is geometrically integral. A curve is a variety of dimension 1. An algebraic group over k is a group scheme of finite type over Spec k. A subgroup of an algebraic group is a (closed) subgroup scheme. We may consider non-smooth groups, but all the groups acting on a variety shall be assumed smooth.
For a smooth algebraic group G, we denote by X(G) = Hom ks−gp (G ks , G m,ks ) the abstract group of characters of G ks . Let X(G) ks be the corresponding constant group scheme over k s and G theétale sheaf given by G(S) = Hom ks−sch (S ks , X(G) ks )
Gal(ks/k) for every k-scheme S.
For any Galois extension K/k we have G(Spec K) ≃ Hom K−gp (G K , G m,K ) and this group is simply denoted by G(K).
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Regular almost homogeneous curves

Scheme-theoretic actions
In this section we recall some elementary facts about the actions of algebraic groups, in the setting of schemes. We use [8] as a general reference.
Let X be a variety, G a smooth algebraic group with neutral element e and an action α :
G −→ X g −→ gx is flat and factorizes as G → Gx → X where Gx is a reduced scheme, the first morphism is faithfully flat and the second one is an immersion. Thus Gx is a G-stable subscheme of X, called the orbit of x (see [8, II 5.3 
.1]).
For any closed subscheme Y of X, the functors N G (Y ) and C G (Y ) which associate with each k-scheme S the abstract groups
are representable by subgroups of G, called respectively the normalizer and the centralizer of Y (see [8, II 1.3.6] ). In case Y = X, the centralizer is called the kernel of the action and is a normal subgroup of G. In case Y is a k-rational point x, the centralizer is denoted by G x and is called the isotropy subgroup of x; it is also the fiber at x of α x , and α x induces an isomorphism G/G x ≃ Gx (see below for a reminder on quotients). Similarly, the functor X G which associates with each k-scheme S the set
is representable by a closed subscheme of X, called the subscheme of fixed points. Moreover X G (k) is the set of the elements of X(k) which are fixed under the action of G(k).
One would like to define X to be homogeneous (resp. almost homogeneous) if there exists a unique orbit (respectively a dense orbit). Since X may not have any k-rational point, a more convenient definition can be given as follows.
Definition 2.1. The variety X is said to be homogeneous (resp. almost homogeneous) under the action of G if the morphism γ = (α, pr 2 ) :
However, one recovers the natural definition in terms of orbits after a suitable field extension, as shown by the following lemmas.
Lemma 2.2. Let K/k be a field extension. The following assertions are equivalent:
i) The variety X is homogeneous under the action of G.
ii) The variety X K is homogeneous under the action of G K .
iii) The action of the abstract group G(k) on the set X(k) is transitive.
iv) If there exists a
Proof. The assertions i), ii) and iii) are equivalent because a morphism f : Y → Y ′ between schemes of finite type over k is surjective if and only if f K is surjective, and also if and only if the induced map of sets :
). In particular this holds for the morphism γ. Moreover for any K-rational point x of X K the equality of schemes G K x = X K is equivalent to the surjectivity of the orbit morphism G K → X K , to the surjectivity of the induced map G(K) → X(K) and to the transitivity of the action of G(K) on X(K). Proof. Let π : X K × X K → X × X be the projection, which is an open morphism. The settheoretic image of the morphism γ K : Proof. We can assume that k is separably closed. The scheme Z is noetherian and zerodimensional so it is affine and its underlying topological space is a finite set endowed with the discrete topology. For each z ∈ Z (considered as an open subscheme of Z), G × z is irreducible so α(G × z) is irreducible too. This set contains ez = z so α(G × z) = z. Thus we have a factorization α : G × z → z and we can assume that Z is integral. We may write Z = Spec K for some field extension K/k. Since Z is of finite type over k, K/k is a finite extension, and hence it is purely inseparable.
Since G is geometrically reduced, G(k) is dense in G. Then it suffices to show that the elements of G(k) act trivially on Z. For g ∈ G(k), the automorphism of Z induced by g corresponds to a k-automorphism of K. But K/k is purely inseparable, so the unique kautomorphism of K is the identity. Proof. If C is not almost homogeneous then for x ∈ C(k), the closure of the orbit G k x in C k is irreducible and cannot have dimension 1, so the orbit is trivial. Thus G acts trivially. Assume that C is almost homogeneous.
Remark 2.5. This result is not true in general if
By Lemma 2.4, the complement of this orbit is the set of fixed points of C(k). So we have
We now show how to restrict to faithful actions. First recall that if H is a subgroup of a smooth algebraic group G then by [9, Exp. VIA, 3.2] there exists a smooth scheme of finite type G/H, an action G × G/H → G/H and a G-equivariant morphism π : G → G/H which is a H-torsor (where H acts on the right on G by multiplication); in particular π is faithfully flat. If H is a normal subgroup then there exists a unique algebraic group structure on G/H for which π is a group morphism. For every k-scheme S, the exact sequence of algebraic groups
yields an exact sequence of abstract groups
The last morphism need not be surjective, but it is surjective if S = Spec k. More generally, for any k-scheme S and g ∈ (G/H)(S) there exists a morphism S ′ → S which is faithfully flat of finite presentation and an element g
Lemma 2.7. Let H be the kernel of the action α. Then there exists a unique action β : Proof. The argument is very standard. The morphism π × id X : G × X → G/H × X is a H-torsor so it is a categorical quotient. Since α : G × X → X is H-invariant (where H acts on the right on the first factor of G × X), there exists a unique morphism β such that the diagram commutes.
Let us show that β is an action. We have to show that for every k-scheme S and every g 1 ∈ (G/H)(S), g 2 ∈ (G/H)(S) and x ∈ X(S) we have g 1 (g 2 x) = (g 1 g 2 )x and π(e)x = x (where e is the neutral element of G(S)). The second equality is obvious. Let S ′ → S be a morphism which is faithfully flat of finite presentation and g 1 
already holds in X(S).
Let N be the kernel of the action β. We need to prove that for every k-scheme S, N(S) is the trivial group. Let g ∈ N(S). Let S ′ → S and g ∈ (G/H)(S ′ ) as previously. Then for every S ′′ → S ′ and x ∈ X(S ′′ ) we have gx = gx = x. So g is in the kernel of the abstract action
Finally, since π × id X is surjective, the morphism γ : G × X → X × X is surjective (resp. dominant) if and only if so is the analogous morphism G/H × X → X × X.
We can also restrict to the case G is connected. Proof. We can assume that k is algebraically closed. Assume first that X is homogeneous under the action of G. The cosets
are the orbits of x and gx under the abstract group G
• (k). Then they are equal and the abstract group G • (k) acts transitively on X(k).
Assume now that X is almost homogeneous under the action of G. By hypothesis, the morphism γ : 
Moreover we have
and X × X are irreducible, so they are equal and γ 0 is dominant. The converses are trivial.
Forms of the multiplicative and additive groups
Tori are very well-known. For the one-dimensional ones, we can specialize the general results of [1, 8.11 p.117 ] to get the following lemma.
, and an element of
There is also a geometric description of the forms of G m,k and their torsors in terms on conics. We first need an easy lemma about the group structures of A 1 k \ {0}. Lemma 2.10. Up to the choice of the neutral element, the only algebraic group structure on
Proof. Let G be an algebraic group whose underlying space is A 1 k \ {0}. After a suitable translation, we may assume that the neutral element is 1. We can also assume that k is algebraically closed, since the multiplication map G × G → G and the usual multiplication on G m,k are equal if and only if they become equal after some field extension. Let x ∈ G(k). The left multiplication by x is an automorphism of A 1 k \ {0}, which corresponds to an algebra automorphism of k[T, T −1 ] . Such an automorphism is given by T → aT ε for some a ∈ k × and ε ∈ {−1, 1}. The left multiplication by x maps the neutral element 1 to x, so a = x. If ε = −1 and x = 1 then there are fixed points (namely the square roots of x), which is impossible. Thus ε = 1 and as expected the law is given by (x, y) → xy. Proof. Let G be a non-trivial form of G m,k , C a G-torsor and C the regular completion of C. Let K/k be a Galois extension of degree 2 such that G K ≃ G m,K . By Galois cohomology and Hilbert's theorem 90, the set of isomorphism classes of G m,K -torsors over K is in bijection with
Since the extension K/k is separable, the curve ( C) K is regular so it is the regular completion of C K . Thus ( C) K ≃ P 1 K and the complement of C K consists of two K-rational points. Therefore C is a smooth projective conic and C \ C consists of 1 or 2 closed points. The residue field κ(P ) of a point P in C \ C is a subextension of K/k, and the number of points above P in ( C) K is equal to the degree of κ(P )/k since this extension is separable. Hence C \ C is either a set of two k-rational points or a unique point P with κ(P ) = K. In the first case we have C ≃ P 1 k , the underlying space of G is A 1 k \ {0} and so G ≃ G m,k , which contradicts the hypothesis. Hence the second case holds and G is the centralizer of P in Aut C since G m,K is the centralizer of two K-rational points in Aut P 1
Conversely, such a G acts on the complement C of P . The curve C is a G-torsor because it becomes so after extension to K. As before we have G K ≃ G m,K . Moreover G is not isomorphic to G m,k , otherwise by the same argument as above we would have C ≃ A 1 \ {0} so the complement would be a set of two k-rational points.
The forms of G a,k were classified by Russell in [19] . He obtained the following result. 
for some integers m ≥ 0 and n ≥ 0 and some coefficients 
Classification of regular almost homogeneous curves
The key result for the classification is the well-known following proposition. 
The following lemma is a special case of a result of André Weil on birational actions. For the sake of completeness, we give a proof based on ideas of Rosenlicht (see [18, Th. 15] Proof. Let α : G × C C be the rational action defined by α. Let U be its domain of definition.
It is an open subscheme of G × C containing G × C. In order to prove that α is defined everywhere, it is enough to show that for any (g,
The scheme G × C is normal (since G is smooth and C is normal) and C is proper over k so (G × C) \ U has codimension at least 2 in G × C. Moreover the curve ( C) ks is the regular completion of C ks and (G ks × C ks ) \ U ks has codimension at least 2 in G ks × C ks . Thus we can assume k = k s .
The subscheme Z of C consists of finitely many closed points P 1 , . . . , P r whose residue fields are purely inseparable extensions of k.
Spec κ(P i ). The irreducible
)x = ex = x (and all these elements are defined), which is impossible because
Let N G (Z) be the normalizer of Z in G. Any element g ∈ G(k) yields an automorphism of C, again denoted by g, such that the subset Z is stable. Since Z is a reduced subscheme, g restricts to an automorphism of Z. Thus we have Lemma 2.18. We assume that k is imperfect. Let P be a point on P 1 k such that the extension κ(P )/k is purely inseparable of degree at least 3. We endow P with its structure of a reduced closed subscheme of
Proof. Since κ(P )/k is purely inseparable, there exists a unique point P ks of P 1 ks above P and we have [κ(P ks ) :
, which has length [κ(P ) : k] ≥ 3, thus f is the identity. Hence Aut P 1 k ,P (k) is the trivial group. We can now prove the case 1 of Theorem 1.1.
Theorem 2.19. Let C be a curve and G a smooth connected algebraic group acting faithfully on C. The curve C is homogeneous under the action of G if and only if one of the following cases holds: (a) C is a smooth projective conic and G
(e) C is a smooth projective curve of genus 1 and G ≃ Aut
Proof. If C is homogeneous under the action of G then C is smooth so C k is smooth too and we can consider its regular completion C k . By Lemmas 3.4 and 2.6, the action of G k on C k lifts to an action on C k , and C k is the complement of the subscheme of fixed points
By Lemma 2.17, either C k has genus 1 or C k is isomorphic to P 1 k
. In case C k has genus 1, it is a torsor under Aut
(after the choice of a k-rational point, C k is an elliptic curve E and we have Aut • E = E where E acts on itself by translation). Since G k is a subgroup of Aut
Since the extension L/k is purely inseparable, we already have T ≃ G m,k . The curve C is geometrically reduced so the subset C(k) is dense in C. If for every y ∈ C(k) the orbit morphism T → C of y were constant then we would have C T (k) = C(k), so the subscheme C T of fixed points would be equal to C, contradicting the faithfulness of the action. Let y ∈ C(y) be such that the orbit morphism T → C is non-constant. Let C be the regular completion of C. Then the orbit morphism extends to a non-constant morphism P 1 k → C. Thus C is a regular projective curve of genus 0 having k-rational points, so 
Seminormal almost homogeneous curves
Normalization and pinching
We shall deduce the classification of seminormal almost homogeneous curves from the case of regular curves. In order to do so, we must link the action of a group G on a curve with the action on the normalized curve.
We first need to recover a variety X from its normalization X. In case the field k is algebraically closed and the singular locus of X is a finite set, Jean-Pierre Serre gave in [20, Ch. IV] an explicit description by constructing the underlying space of X and its structure sheaf. This can also be done in the more general language of "pinchings".
The conductor C of the normalization ν : X → X is the coherent sheaf of ideals defined as the annihilator
For any x ∈ X, the stalk ν * O X x is identified with the integral closure O X,x of O X,x and we have
In other words, C x is the largest ideal of O X,x which is an ideal of O X,x , that is to say, the conductor ideal in the classical sense. Lemma 3.1.
The underlying space of Z is the set of non-normal points of X.
The morphism ν induces an isomorphism from
3. The morphism λ : Z → Z is finite and schematically dominant.
4. The square is cocartesian in the category of locally ringed spaces.
For every separable extension
Moreover λ is finite and schematically dominant because so is ν and the square is cartesian.
The square is cocartesian if and only if for every open subscheme U of X, the square
is the closed subscheme of U defined by the conductor of ν : ν −1 (U) → U. Thus we can assume that X is affine. Let us write X = Spec A. We have X = Spec A where A is the integral closure of A. Let c = {a ∈ A | aA ⊆ A} be the conductor ideal. For any prime ideal p ∈ Spec A, the integral closure of the localization A p is (A) p and, since A is a A-module of finite type, c p is the conductor ideal of (A) p in A p . Thus C is the coherent sheaf of ideals associated with c and we have Z = Spec A/c and Z = Spec A/c. Consequently, by [10, Lemma 1.3 and Th. 5.1] the square is cocartesian.
The variety X K is normal and ν K is the normalization. In order to prove that the diagram obtained after the field extension to K is the conductor square, we can assume that X is affine. Then the result is a direct consequence of [ An action on the variety can be lifted to an action on the normalized variety. 
is an isomorphism making the diagram
commute (and similarly for α).
The smooth locus U of X and ν −1 (U) are schematically dense open subschemes of X and X. Thus for any k-scheme S, the open subschemes U S and ν −1 (U) S = (ν × id S ) −1 (U S ) are schematically dense in X S and X S . They are G S -stable and the morphism ν × id S :
Hence an element g ∈ G(S) induces the identity on X S if and only if it induces the identity on U S , if and only if it induces the identity on ν −1 (U) S , if and only if it induces the identity on X S . Consequently α and α have the same kernel.
Let C be the conductor sheaf of ν. By [12, IV2, Prop. 6.8.5], the scheme G × X is normal. Then id ×ν : G × X → G × X is the normalization. It follows from [2, I.2.10, Cor. 2 p.40] that α * C and pr * 2 C are both equal to the conductor sheaf of id ×ν. In particular they are equal as subsheaves of O G×X (using the canonical isomorphisms α
Since the morphism ν is equivariant, Z is G-stable too. 
id ×ν is cocartesian in the category of locally ringed spaces. Let β : G × Z → Z be the action induced by α.
By assumption the diagram
Then there exists a unique morphism α : G × X → X which completes it. It remains to prove that α is action, that is to say the two composite morphisms
− → X and the second projection. This can be done in both cases by using the fact that the square
is cocartesian and showing that the two morphisms complete the same diagram. The details are left to the reader.
The normalization behaves well with respect to almost-homogeneity. Proof. The morphisms γ : G × X → X × X and γ : G × X → X × X of Definition 2.1 make
The morphism ν is surjective and closed, so id ×ν is surjective and ν × ν is surjective and closed. If X is almost homogeneous then γ is dominant, so γ is dominant too and X is almost homogeneous.
Conversely, assume that X is almost homogeneous. Let U be the open orbit in X, given by Lemma 2.3. Then U is smooth so ν −1 (U) ≃ U. Hence ν −1 (U) is a G-stable and homogeneous open subscheme of X, so X is almost homogeneous.
Assume that X is an almost homogeneous curve C. By Lemma 2.6, U and ν −1 (U) are the complements of the subschemes of fixed points. Since Z is the singular locus of C and U is smooth, Z is contained in C \ U.
Seminormality
In this section we recall some properties of seminormal schemes. We use the article [21] of Richard Swan as a general reference. i) The ring A is seminormal.
ii) For every p ∈ Spec A, A p is seminormal.
iii) For every maximal ideal m ∈ Spec A, A m is seminormal.
As an analogous of the normalization, there is a seminormalization. Its construction is well-known and we recall it briefly. 
Classification of seminormal almost homogeneous curves
We have the following characterization of seminormal curves, which is a consequence of the wellknown characterization [ In this case Z is reduced too. Therefore if a smooth connected algebraic group G acts on C then by Lemmas 2.4 and 3.4, G acts trivially on Z and Z. The following lemma shows that the converse is true, even when we consider a pinching diagram which is not the conductor square. 
if a smooth connected algebraic group G acts on C so that Z is G-stable then the action on C descends to an action on C such that Z is G-stable.
Proof. Let us show that C is seminormal. The morphism ν induces an isomorphism from C \ Z to C \ Z so it suffices to show that for every point P ∈ Z, the ring O C,P is seminormal. Since λ is schematically dominant and Z is reduced, Z is a reduced finite scheme. Let U be an affine open subscheme of C containing P but no other point of Z. The square A consequence of Lemma 3.17 is that the property of being a seminormal almost homogeneous curve descends by separable field extensions. To see this, we first need the following particular case of [6 Proof. Let G be a smooth connected algebraic group over K acting on C K such that C K is almost homogeneous. We can assume that the action is faithful. Let 
is still the conductor square. Moreover C K is the regular completion of C K and Z
By Lemmas 2.15 and 3.4, the action of G on C K lifts to an action on C K such that Z ′ K is fixed. In other words, up to isomorphism, G is a subgroup of the centralizer
In addition G is smooth, so by Lemma 3.18, it is a subgroup of (Aut
under the action of (Aut C,Z ′ ) sm . By definition, this group acts trivially on Z so, by Lemma 3.5, the action on C descends to an action on C and C is almost homogeneous. Finally, by Lemma 2.8, C is almost homogeneous under the action of the neutral component of (Aut C,Z ′ ) sm .
Remark 3.20. i) Proposition 3.19 does not extend to inseparable extensions, even for smooth curves. Indeed by Lemma 2.18 there exists a curve C and a purely inseparable extension
K/k such that C K ≃ A 1
K and every action of a smooth connected algebraic group on C is trivial. ii) With the notations of the proof, the largest smooth connected group acting faithfully on C is the neutral component of (Aut
We deduce the classification of seminormal almost homogeneous curves, which is the case 3 of Theorem 1.1.
Theorem 3.21. Let C be a singular seminormal curve, G is a smooth connected algebraic group and α : G × C → C an action. The action is faithful and C is almost homogeneous if and only if one of the following cases holds: (a) G is a non-trivial form of G a,k and C is obtained by pinching the point at infinity P of the regular completion of a G-torsor on a point P whose residue field κ(P ) is a strict subextension of κ( P )/k; (b) C is obtained by pinching two k-rational points of P 1 k on a k-rational point and G ≃ G m,k ; (c) C is obtained by pinching a separable point P of degree 2 of a smooth projective conic C
on a k-rational point, and G is the centralizer of P in Aut C .
Proof. Let ν : C → C be the normalization. By Lemmas 3.6 and 3.17, C is almost homogeneous if and only if C is almost homogeneous, and C is obtained by pinching a set of fixed points of C endowed with its structure of a reduced closed subscheme. The different possible pairs ( C, G) are given by Corollary 2.21.
We cannot have C = P 1 k and G = G a,k ⋊ G m,k or G = G a,k because we would have to pinch the k-rational point ∞ onto a k-rational point, then ν would be a pseudo-isomorphism, so ν would be an isomorphism and C would be regular. The other cases are similar.
Remark 3.22. i) Let G be a non-trivial form of G a,k , C the regular completion of a G-torsor,
P the point at infinity, K 1 and K 2 strict subextensions of κ( P )/k, and C 1 and C 2 the curves obtained by the pinching diagrams 
12). We claim that the residue field of the point at infinity of
. 
Let us show that the normalization in this chart is given by the ring morphism
) (which besides corresponds to the point at infinity of G). This point is nonetheless regular because m is principal. Hence B is integrally closed and is the integral closure of A. Thus the residue field of the point at infinity is k[y, w]/(y
2 − w 3 − aw − b) (w 2 − b) ≃ F 2 (a 1/2 , b 1/2 ).
Arbitrary curves
Popov gave a classification of almost homogeneous curves over an algebraically closed field in [16, Ch. 7] and used the language of Serre ([20, Ch. IV]) to describe them. We extend the result to an arbitrary field (except for almost homogeneous curves under the action of G a,k or G a,k ⋊ G m,k ) by using the language of pinchings.
Almost homogeneous curves under the action of G a,k in characteristic zero
We consider the projective coordinates [t : u] on P 1 k . For n ≥ 0, we denote by P 1 k,n the curve defined by the pinching diagram 
An element a ∈ G a,k (k) acts on P 
, the element u 1 + au is invertible and we have
induced by a has a triangular matrix of the form 
Then in the basis (1, u, . .
, the n i − 1 first coordinates of a · e i equal zero, the n i th one equals 1 and the (n i + 1)th one equals (−(n i + 1)a + b i,n i +1 (which is therefore different from b i,n i +1 if a = 0). Thus for the images of e i to be in m, we must have n i+1 = n i + 1. So
, which conversely is G a,k -stable.
. Hence by [10, Lemme 1.3] the square of rings
is cartesian. Moreover the morphisms in this square are G a,k -equivariant. So the corresponding square of schemes
λ is a pinching diagram where the morphisms are G a,k -equivariant. By concatenation, we get a square 
The action is faithful (and C is almost homogeneous) if and only if
Almost homogeneous curves under the action of a form of G m,k
In this section we first classify the almost homogeneous curves under the action of G m,k . Then we use the link between the forms of G m,k and the conics to deduce the classification of almost homogeneous curves under the action of a form of G m,k .
We consider again the projective coordinates [t : u] on P For any subsemigroups z m (c) and z n (d) of (N, +), we denote respectively by
′ the curves defined by the pinching diagrams
are the mth and nth infinitesimal neighborhoods of the points 0 and
and
, and 
Remark 4.4. For example, A
Proof. The argument is essentially the same as in the proof of Popov's theorem [16, Th. 1. 
. We still denote by t the image of t in
is the direct sum of stable lines for pairwise distinct weights. Hence the subspace
is spanned by some t i 's. Since it is a subring, if it contains t i and t j then it contains t i+j too. Thus there exists a subsemigroup z m (c) of (N, +) such that m ≤ M and
.
By Galois descent for vector subspaces, we consequently have
. Finally, as in the proof of Theorem 4.1,
. Therefore
We now assume C ≃ P 1 k . Similarly, the closed subscheme Z of P 1 k is supported by {0, ∞} so we can write Z = Z M ⊔ Z N for some integers M and N. Then Z is supported by one or two k-rational points.
In the latter case there exist G m,k -invariant subalgebras A and B of
and by the same arguments as before we get an isomorphism
Since (t i , 0) and (0, u j ) are eigenvectors of respective weights i and −j, the
is spanned by some (t i , 0)'s and (0, u j )'s with i ≥ 1 and j ≥ 1, and a subspace of k s × k s containing k s · (1, 1) (which is k s · (1, 1) or the whole k s × k s ). As above and by Galois descent for vector subspaces, there exist two subsemigroups z m (c) and z n (d) of (N, +) such that A is equal to
Moreover A has a unique maximal ideal, so we must have
By the same argument as above again, we can replace
We have a pinching diagram
is commutative and the two squares are cocartesian, so the entire composed square is cocartesian. By unicity of the scheme obtained by pinching, we have C ′ ≃ C. By [10, Lemme 1.3], the square of rings
is cartesian. Moreover the morphisms in this square are G m,k -equivariant. Therefore we have
Let G be a form of G m,k . Let C be a smooth projective conic and P a separable point of degree 2 of C such that G is the centralizer of P in Aut C (see Lemma 2.11). Let 2Z, z m (c) a subsemigroup of (N, +) and Y the mth infinitesimal neighborhood of P (which is a G-stable closed subscheme of C). There exists an isomorphism and
Since after field extension we still have pinching diagrams, by unicity we have
′ is Γ-equivariant so, by Galois descent again, we have an action of G on Y such that λ is equivariant. Hence G acts faithfully on C m ( P , c) and C m ( P , c) ′ .
Theorem 4.6. Let C be a curve and α : G × C → C an action. The group G acts faithfully on C (and C is almost homogeneous) if and only if C ≃ C \ { P } or if there exists a subsemigroup
z m (c) of (N, +) such that C is isomorphic to C m ( P , c) or C m ( P , c) ′ ,
and the action is the natural one.
Proof. Assume that G acts faithfully on C. It follows from Theorem 1.1 and Lemmas 2.15 and 3.6 that C is the normalization of C (with the natural action of G). Let Z C Z C be the conductor square. Then Z is supported by P and Z is supported by a point P such that κ(P ) = k or K. By Lemma 3.1, the diagram
is still the conductor square.
If κ(P ) = K then Z K is supported by two K-rational points. As in Theorem 4.5, there exist
and subsemigroups z m (c) and
Moreover the group Γ exchanges the two components of Z K , as well as the two components of Z K . Thus we must have M = N and z m (c) = z n (d). As before, the squares in
are cocartesian, so the entire composed diagram is a pinching diagram. Moreover, the morphisms are Γ-equivariant. Therefore, by Galois descent, we have C ≃ C m ( P , c). 5 Equivariant embeddings in a projective space
Linearized line bundles and pinchings
In this section we describe the linearized line bundles on a scheme obtained by a pinching diagram. We first recall the definition and basic properties of linearized line bundles and the equivariant Picard group. We use [15] and [9, Exp. I, §6] as general references.
Let X be a separated scheme of finite type over k and π : L → X a line bundle. Then G m,k acts on L by multiplication on the fibers. A
morphism of linearized line bundles is a morphism of line bundles which is G-equivariant.
For example, if X is a smooth curve then its canonical bundle ω X is naturally linearized by the action of G on differential forms. 
Remark 5.3. i) In this setting, a morphism of linearized line bundles
ii) By [3, lemma 2.9 i) The line bundle L is linearizable.
ii) There exists an equivariant immersion of X in the projectivization of a finite-dimensional G-module.
iii) There exists an action of G on a projective space P n k and an equivariant immersion
The following result on normal schemes is well-known. We want an analogous result without the hypothesis of normality in case G is a form of G a,k in prime characteristic. We first need to understand the obstruction for a line bundle (over a separated reduced scheme of finite type X) to be linearizable. 
is exact, where [12, II, Prop. 6.5.8] ). Thus the group Pic(G × X)/ pr * 2 Pic(X) is dp s -torsion.
We now assume G = G a,k . Let σ : X + → X be the seminormalization. By Lemma 3.13, the pullback morphism pr *
is an isomorphism. Thus the following diagram is commutative and exact in rows:
Hence the snake lemma gives an exact sequence
Moreover the morphism α : G × X → X is smooth (because G is smooth) so, by Lemma 3.14, the scheme G × X + is seminormal and id G ×σ : 
is a equivalence of categories (where can is the canonical isomorphism j
is determined (up to isomorphism) by the existence of isomorphisms
We can do the same for linearized line bundles. Let G be a smooth connected algebraic group. For any scheme Y which is separated and of finite type over k, and any action α : 
We assume that X is separated and of finite type over k (thus so are X, Z and Z). Let α : G × X → X and α : G × X → X be two actions such that Z and Z are G-stable and ν is G-equivariant (so λ, i and j are equivariant too). Let β : G × Z → Z and β : G × Z → Z be the induced actions. With the functors j
we can form the fiber product category
and (M, Φ M ) are linearized line bundles over X and Z, and σ is an isomorphism j * L ≃ λ * M of linearized line bundles over Z.
Proposition 5.13. The functor
Proof. It is immediate that the functor T G is well-defined on objects (and its definition on morphisms is the obvious one).
By proposition 5.12, the functor T G is faithful. Let us show that it is full.
. By proposition 5.12, there exists a morphism of line bundles ϕ : L 1 → L 2 such that ϕ = ν * ϕ and ψ = i * ϕ. It remains to show that ϕ is a morphism of linearized line bundles. From the definition of the pullback linearizations Φ ν * L 1 and Φ ν * L 2 , the equality ϕ = ν * ϕ, the fact that ϕ is a morphism of linearized line bundles and the different canonical isomorphisms, it follows readily that the diagram
of line bundles over G × X commutes (and similarly for the pullback by id G ×i). Moreover the square
id ×ν is a pinching diagram (see [14, Th. 3 .11]) so we can apply Proposition 5.12 to it. Thus the corresponding functor
Finally, let us show that the functor
. By Proposition 5.12 again, there exists a line bundle L over X and
We have isomorphisms 
. We have to show that Φ L satisfies the cocycle condition, that is to say that the diagram 
is faithful. Therefore the diagram for Φ L is indeed commutative.
In turn, this equivalence of categories yields an analogue of the Units-Pic sequence.
Corollary 5.14. We have an exact sequence of abstract groups
induced by pullbacks and a connecting morphism δ : O( Z) × G → Pic G (X). We call it "the equivariant Units-Pic sequence".
Proof. We identify O( Z)
× with the group of automorphisms of the trivial line bundle Z × A and pr * 2 (ϕ) are respectively α * ( ϕ) and pr * 2 ( ϕ). Since ϕ is G-invariant, we have α * ( ϕ) = pr * 2 ( ϕ), so α * (ϕ) = pr * 2 (ϕ) and thus ϕ ∈ O(X) 
Equivariant Picard groups of curves
We can determine the equivariant Picard group of the almost homogeneous curves classified in Theorem 1.1.
supported by the point C \ U. If L is a linearizable line bundle over C then its restriction L |U is linearizable. But U is a G-torsor so Pic G (U) is trivial. So L corresponds to a Weil divisor in Z · [P ]. Conversely, by the same argument as above, the line bundle corresponding to −[P ] is linearizable. Therefore Pic G (C) = Z · [P ].
Case 2c : The argument is the same as for the case 1b.
Case 2d : The canonical divisor on C is −[P ] so Pic C = Z · [P ]. Thus the morphism Pic G (C) → Pic C is surjective.
Case 3a : The curve C is obtained by the pinching diagram
Z C Z C
where Z = Spec κ(P ) and Z = Spec κ( P ). By Remark 5.15, the equivariant Units-Pic sequence can be written as
Since the group of characters X(G) is trivial, it follows from Proposition 5. 
By Proposition 5.8 we have isomorphisms Pic
Since G acts on the fibers over 0 and ∞ of a line bundle O P 1 k (n) with respective weights n and 0, the morphism Pic
. Its kernel is Z · ((0, 1), 1) ≃ G(P 1 k ).
Case 3c : Once more, we have the exact sequence
where Z = Spec k and Z = Spec κ( P ). Let (L, Φ L ) ∈ Pic G (C) and let us show that its image is trivial. By Proposition 5.8, we have Pic G (Z) ≃ G(Z) = Hom k−gp (G, G m,k ) = {1}. Hence i * (L, Φ L ) is trivial, and so j * ν * (L, Φ L ) is trivial too. The line bundle L K over C K is linearizable so, by the case 3b, it has degree 0. So L and ν * L have degree 0 too. Since Pic C = Z · ω C , the line bundle ν * L is trivial. Its linearization is given by an element χ ∈ G( C) (and the linearization of j * ν * L is given by j * (χ)). The morphism G( Z) → Pic G ( Z) is injective so j * (χ) is trivial. After the extension of scalars to K = κ( P ), we have χ K ∈ G K ( C K ) whose pullback in G K ( Z K ) is trivial. But G K ≃ G m,K so G K is the constant sheaf Z. Hence χ K is trivial, so χ is trivial too. Therefore the image of (L, Φ L ) in Pic G ( C) × Pic G (Z) is trivial. • C is a smooth projective curve of genus 1 and G ≃ Aut
• C is obtained by pinching two k-rational points of P 1 k on a k-rational point and G ≃ G m,k ;
• C is obtained by pinching a separable point P of degree 2 of a smooth projective conic C on a k-rational point P , and G is the centralizer of P in Aut C .
